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GROUP CLASSIFICATION
OF EQUATIONS OF MOTION OF A GAS
IN A CONSTANT FORCE FIELD

S. V. Meleshko UDC 517.944 + 519.46

A group classification is proposed for a set of equations describing ideal gas flows in a constant force
field. This gas motion is denoted by solutions which are invariant with respect to the operator X4 + Xio [1].
The algebraic approach employed is based on the recently developed analysis [1].

1. Factor-System. Solutions of the equation of gas dynamics are considered which are invariant for
the X = X4 + Xy9 = 0; + td; + 0y operator from the optimal system [1]. The invariants of this operator are

.’L‘l=-‘13—t2/2, Y, 2, u—t, v, w, p, p,

where t is the time; (z,y, 2) are the spatial coordinates; (u,v,w) are the rate; p is the density; p is the gas
pressure. The invariant solution has the representation

u=t+U(Ilvyvz)1 v:V(Ihy’z)’ w:W(zl,y,z), P:p(zhyvz)a p=p(xl,y,z),

and the factor-system

div+p 'Vip=(-1,0,0), dip+pdiviv=0, dip+ A(p,p)diviv =0, (1.1)

where v = (U,V,W); di = U0z, + VOy + W;; Vi = (0r,,0y,0:); diviv = U, +V, + W,

The above title is used because the factor-system (1.1) coincides with the system (describing steady-
state gas flows in a constant field of mass forces) obtained in an axiomatic construction based on assumptions
on the character of the gas motion and the external force field. In this case these equations arise as one of
the invariant submodels of the conventional equations of gas dynamics. Nonstationary gas flows in a constant
field of mass forces were studied in [2, 3]. In [2] one-dimensional nonstationary isoentropic flows were studied.
In [3] the method of differential relations was used to construct the simple wave type solutions for the two-
dimensional case.

2. Group of Equivalences. The group classification of system (1.1) is performed using a group of
equivalences that transforms an arbitrary element A. The operators of equivalence transformations are sought
in the form

X® = €M10, + 690, + €60, + Yoy + ¢Vov + (" w +¢P9, + (PO, + (PO (2.1)

Unlike [4], in this case the operators (2.1) are determined assuming dependence on the arbitrary element A in
all coordinates of the infinitesimal operator X¢. Since A = A(p, p), operator (2.1) must satisfy the conditions
of invariance of the system (1.1) supplemented by the equation

Ap, = Ay = A, = Ay = Ay = Aw = 0. (2.2)
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TABLE 1 TABLE 2

Extending N r=1 Nor
m 4 4 operators 1 X7 +aXy 2,1
1 f(p,p) w(p, 3) - 2 X2+ aX; 3,1
2 | pflpp™) | P"@(3p) |2vYa+(v—- 1)V 3 X1 Ly
3 | pf(e/p) | pe(9p) Y -
4 f(p) ©(9p) Yy 1 X7, X1 2,1
51 »flp) F¢e(p) 2, +Ys 2| X, Xz+p8Xy |31
6 vp 3p7 Y2, Y, 3 X2, X3 Ly
T | flpe™®) | Inp+ ¢(3p) Yy - 2Y; 4 X2, X, 3,1
8 f(p) e(p)+ 3 Y3 r=3
9 1 np+ 3 Ys, Yy 1 X5 %0, X I.
10 0 2 Y, i 2 | Xp, Xa, Xz + aXy | L

Here, since the functions v(z1,y, 2), p(z1,y, 2), p(z1,y, 2), and A(p, p) act in different spaces, the formulas of
extension will be different. The coordinates of the extented operator

X=X+ ("0y, +¢oy, + %oy, + ... (2.3)
can be determined from the formula
¢hr = D§¢h — by DSETL — hyDSEY — b, DSE2.

Here h takes on the values U, V, W, p, p; A = 11, y, 2; the operator D§ = 0\ + U0y + Vady + Wilw +pr0, +
PAGp + (Appxr + Appr)0a. The coordinates of the extended operator (2.3) related to the arbitrary element due
to (2.2) obey the formula

¢4 = D5¢ - A4,D5¢° — ADSCP (A =z1,y,2,U,V, W, p,p),

where Bf\ =0 (A =x1,y,2,U,V,W); 52 = 0,4+ Ap04; 5; = 0p+ Ap04. As in the classical case [4], it can be
assumed that the group of equivalence transformations, which is constructed in terms of operator (2.1) and
admitted by Eqgs. (1.1) and (2.2), transforms system (1.1) preserving its differential structure and changing
only its arbitrary element A. The condition of the A-dependence of all coordinates of the infinitesimal operator
(2.1) can, in the general case, extend the classical [4] group of equivalences.

For system (1.1) the group of equivalences coincides with the classical one and arises from the operators

2(210z, +y0y+20:)+ U0y +V Oy +Wdw —2p0,, 20y — y0.+ Wy — Vow, pd, + pdp+Ada, Oy, 0z,, 9y, 0..
3. Admissible Group. The operator admitted by system (1.1) can be represented in the form
X = €18, + €90y + €0, + "0y + ¢Vov + (" ow + (P9, + (P9,

Calculations show that the integration of the determining equations reduces to the solution of the expressions

dA 0A
(ks — kl)l)a—p + (ksp + k‘*)% = k34, (3.1)

where the constants ki, k2, k3, and k4 are related to the coordinates of the infinitesimal operator CU = k1x1+ko,
P = k3p + k4. The cores of the main Lie algebras are the operators

Xy =08;, Xo=08, Xs=0, Xi=208,—yd.+Wdy—Vow.

The X, operator is the core center. In this case the enumeration of operators is taken from [1]. The core of
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Fig. 1 Fig. 2

the main Lie algebras is extended by specializing the A(p, p) function. The results of group classification are
listed in Table 1, where

YVa=pXN(p)8,+Mp)Bp, Yo=pOp+p0y, Y3 =0p, Yi=2(z10; +y0y+20,)+Udy + Viy+Waw — 208,

with the arbitrary A(p) function.

Note that the normalizer factor-algebra of the operator X = X4 + Xyg in Ly; [1] with regard to X
[Nory ,(X)/X] consists of operators (1,2,3,7) (hereafter only the operator numbers are given).

The optimal subalgebra system consists of subalgebras given in Table 2. Hereafter the dimensionality
subgroup with number (r, V) is denoted by r and N in Table 2.

We now analyze the invariant solutions of system (1.1).

4. Invariant Solutions. The solutions, invariant with respect to one-dimensional subalgebras, are
constructed on the subalgebras r = 1 of the optimal system (Table 2).

The invariant solution of subalgebra (1,1) in the cylindrical system of coordinates (z;,r,6) has the
representation (z' = z; — af):

U=U(d,r), V=V(,r), W=W(&r), p=p'r), p= p(z’,r).

The factor-system can be written in the vector form

Ju Ou
Ba—,—*-CE—f, (4.1)
where u=(uy,us,...,us) = (U — aW/r,V,aU/r + W, p,p); £ = — (1, =W?2/r, a + uqusz; pV/r,AV/r)'; Es is
the unit matrix; B = w1 E5s + B% C = u2Es + C°. In the B and C® matrices, only B)s = (1 + o?/r?)/p,
BY =p, BY =A,C%=1/p, C} = p, C = A are nonzero. The characteristic equation det (B~'C — AEs)
of system (4.1) is of the form
Ay — u2)2(A2(pu? — A(L + o2 /r?)) — 2hpuyug + pul — A) = 0.
For subalgebra (1,2) (Table 2) the independent variables are (z; — ay, z), and the factor-system (z’ =
) —ay) is
Jdu Oou 2
= —_ = 9
B(‘?x’ + Caz B°f. (4.2)
In this case 8 = (1 +&?)"Y2; u = (u1,u2,...,us) = (B(U — aV), B(aU + V), BW, p,p); = (1,,0,0,0)";
B=uEs+B%and C = u3E;5+C° with nonzero elements in matrices B®, C° (B} = 1/p, BY, =p, B}, = A,
CY% = B%/p, Cdy = p, C2 = A). The characteristic equation of system (4.2) is

(Aup — uz)* (A2 (puf — A) — 20 pujuz + pul — §2A) = 0.

Finally, for (1,3) the factor-system is of the form

O0u Ou 9
By, +C5; =8,
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where u = (uy,us,...,us) = (U, V, W, p,p)'; £ =(—1,0,0,0,0)'; B=1uzEs+B® and C = u3 Es+C?° with nonzero
elements in the matrices B°, C° (BY; = 1/p, B), = p, B = A, C% = 1/p, Cdy = p, C% = A). In this case,
the characteristics can readily be determined if it is taken into account that for f = 0 and U = 0 this system
coincides with plane steady-state flows parallel to the plane z = 0.

Solutions that are invariant for the two-dimensional subalgebras are constructed on the subalgebras 6,
of the optimal system (Table 2).

For subalgebra (2,1) the factor-system is a particular case (4.1) with = 0, du/dz' = 0. The solution
is isoentropic and can be found from a set of two normal differential equations

VU = -1, (V- A/p)p = —p(V? -W?)/r. (4.3)

In this case a prime denotes the r derivative; V = cp/(pr), W = c;/r with the arbitrary constants ¢;, ¢;
(c2 # 0). The qualitative behavior of the solutions of system (4.3) for a polytropic gas (v = 1.4) is shown in
Figs. 1 and 2.

The invariant solution (2,2) and (2,3) is a particular solution for system (4.2) with « = 0 and
independent invariant ' = z; — fz. With 8 = 0 [subalgebra (2,3)] for one of the solutions U = 0, p(z'),
V(z'), W(z') are arbitrary and p(z') = —p'(z'). The other solution of this factor-system (for any B) is
isoentropic and can be determined from a set of normal differential equations

3
i Bp 2y 1 p
W = ol A—c)p = ———, 4.4)
T R T 1) (

where W = sinf - U + cos§ - W: U =cos0-U —sinf-W; tanb = 3; Up = ¢; V = 0. In particular, for a
polytropic gas (A = yp = yc1p7) the general solution of Eqgs. (4.4) is
WepCylym, Sy T T
W—’B(p+ P 2 =D T T+
from which the invariant solution can be found. Figures 3 and 4 demonstrate the qualitative behavior of the
curves z'(p) and W(p).
For the arbitrary function A(p,p), the invariant solution (2,4) holds with p = const and p = const.
Other solutions can be obtained only for a special type of function A(p, p), such as

AAp+pA,+ A= 0.

5. Final Remarks. L. V. Ovsyannikov suggests considering the partially invariant zero type solutions
as the “source” of simple solutions (lecture). In gas dynamics for these solutions p = const, p = const. The
dimensionality of the problem in such solutions can be decreased by integrating along the current lines. In a
given submodel:

U

d dw d d d
i Vg Wy &y W_y E_w (5.1)
ds ds ds

-L ds ds ds
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Let, e.g., for s = 0, the initial conditions be given:

21=0, y=y0, z=2z, U="U(yo,2), V="V, z2), W=Woy,z) (5.2)
Integrating (5.1) and (5.2) the following functions can be determined:
U= —s+U(yo,20), V=V(yo,2), W=W(yz2) z= ~s2/2+sUs, y=yo+sV, z=z+sW

In system (1.1) only the div;v = 0 equation, which in variables (s, yo, 2z0) is quadratic in s, is to be solved.
Splitting it in s yields three equations for three unknown functions [Up(ye, 20), V' (y0, 20), W (%0, 20)]:

B0 D20~ 20 g0 " 53

Uy dUy oUy oV (8Uo>2 ,3Uo A% 8Uo]
1 hd' Dtd ' bl i vVa _ vveYvy | Yvo
(VW - W) [V ayo 620 0 6y0 320 W 620 UOW 62’0 620 820
v oV, Uy .. U,
‘U°(%+Wazo)“1+vayo +W620. (5.4)

In (5.4) W' = dW/dV was used, where W = W(V) is the general solution of (5.3). Thus, the solution of
system (1.1) reduces to the integration of nonlinear system (5.4) consisting of two first-order equations with
two independent variables. An example of the solution of system (5.4) can be the case with W = ¢V, ¢ = const
(without loss of generality it is assumed that ¢ = 0). Hence

W =0, V=V(z), Us=—-yo/V + ¢(z0).

This work was accomplished within the framework of the SUBMODELS program [5]. The author is
grateful to all participants of the program for their fruitful remarks during the preparation of this paper for
publication.
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